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Abstract 

We describe a new type of sufficient condition for a balanced bipartite digraph 
to be hamiltonian. Let D be a balanced bipartite digraph and x, y be distinct 
vertices in D. {x,y} dominates a vertex z if x —* £ and y —>■ z; in this case, 
we call the pair {#, y} dominating. In this paper, we prove that a strong 
balanced bipartite digraph D on 2 a vertices contains a hamiltonian cycle 
if, for every dominating pair of vertices {x,y}, either d(x) > 2a — 1 and 
d(y) > a + 1 or d{x) > a + 1 and d(y) > 2a — 1. The lower bound in the 
result is sharp. 

Keywords: balanced bipartite digraph; degree condition; hamiltonian 
cycle; dominating pair of vertices 


1. Introduction 


In this paper, we consider finite digraphs without loops and multiple arcs. 
For the convenience of the reader, we provide all necessary terminology and 
notation in one section, Section 2. The cycle problems for digraphs are of 
the central problems in graph theory and its applications [f3]. A digraph 
D is called hamiltonian if it contains a hamiltonian cycle, i.e., a cycle that 
includes every vertex of D. There are many degree or degree sum conditions 
for hamiltonicity[l], 0, 0, 0, 0, 0, Hoi ]. The following result of Meyniel for 


existence of hamiltonian cycles in digraphs is basic and famous. 
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Theorem 1.1. fldiJ Let D be a strong digraph on n vertices where n > 3. If 
d{x) + d(y) > 2n — 1 for all pairs of non-adjacent vertices x, y in D, then D 
is hamiltonian. 

In [ij, Bang-Jensen, Gutin and Li described a type of sufficient condition 
for a digraph to be hamiltonian. Conditions of this type combine local struc¬ 
ture of the digraph with conditions on the degrees of non-adjacent vertices. 
Let x,y be distinct vertices in D. If there is an arc from x to y then we say 
that x dominates y and write x —* y. {x, y} is dominated by a vertex 2 if 
z —y x and z —>■ y. Likewise, {x, y} dominates a vertex 2 if x —> z and y —>■ z\ 
in this case, we call the pair {x, y} dominating. 

Theorem 1.2. jjf Let D be a strong digraph. Suppose that, for every domi¬ 
nated pair of non-adjacent vertices {x, y}, either d{x) > n and d(y) > n — 1 
or d(x) > n — 1 and d(y) > n. Then D is hamiltonian. 

In [4J, Bang-Jensen, Gutin and Li raised the following conjecture. 

Conjecture 1.3. fj] Let D be a strong digraph. Suppose that d{x) + d(y) > 
2n—l for every pair of dominating non-adjacent and every pair of dominated 
non-adjacent vertices {x,y}. Then D is hamiltonian. 

Bang-Jensen, Guo and Yeo [3] proved that, if we replaced the degree 
condition d(x) + d(y) > 2 n — 1 with d(x) + d(y) > |n — 4 in Conjecture 11.31 
then D is hamiltonian. They also proved additional support for Conjecture 
11.31 bv showing that every digraph satisfying the condition of Conjecture 11.31 
has a cycle factor. From now on, Conjecture II.31 is still open and seems quite 
difficult. 

In [2J, Adamus, Adamus and Yeo gave a Meyniel-type sufficient condition 
for hamiltonicity of a balanced bipartite digraph. 

Theorem 1.4. J@y Let D be a strong balanced bipartite digraph on 2 a vertices. 
If d{u) + d(v) > 3 a for every pair of non-adjacent vertices u, v in D, then D 
is hamiltonian. 

The main purpose of this note is to give a sharp sufficient condition for 
hamiltonicity of balanced bipartite digraphs similar to Theorem 11.21 

Definition 1.5. Consider a balanced bipartite digraph D on 2 a vertices with 
a > 2. For k > 0, we will say that D satisfies condition Bj. when 

d(x) >2 a — k, d(y) > a + k or d(y) > 2a — k, d(x) > a + k, 

for any dominating pair of vertices {x, y} in D. 
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Theorem 1.6. Let D be a strong balanced bipartite digraph on 2a vertices 
where a >2. If D satisfies condition Bi, then D is hamiltonian. 

In Section 3, we shall prove Theorem 11.61 as a corollary of Theorem 11.71 

Theorem 1.7. Let D be a strong balanced bipartite digraph on 2 a vertices 
where a >2. Suppose that, for every dominating pair of vertices {a:, y} either 
d(x) > 2a — 2, d(y) > a + 1 or d(y ) > 2a — 2, d(x) > a + 1. Then D is either 
hamiltonian or isomorphic to one of the digraphs H 1 , H 2 and H 3 (see Figure 
1 ). 


It is not difficult to see that none of the digraphs H 2 and H 3 contains 
a hamiltonian cycle. Here, in the digraph // 2 , ^3 may dominate y\ or not. 



Figure 1. The digraph H 3 . 

It seems quite natural to ask whether a similar result to Conjecture 11.31 
is true or not in balanced bipartite digraphs. In Section 4, we show that if a 
strong balanced bipartite digraph on 2 a vertices such that d(x) + d(y) > 3 a 
for every pair of dominating and every pair of dominated vertices {x, y}, then 
D must contain a cycle factor but may contain no hamiltonian cycle. 
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2. Terminology and notation 

We shall assume that the reader is familiar with the standard terminology 
on digraphs and refer the reader to jh] for terminology not defined here. Let 
D be a digraph with vertex set V(D) and arc set A(D). For disjoint subsets 
A" and Y of V(D), X —> Y means that every vertex of X dominates every 
vertex of Y, X => Y means that there is no arc from Y to A" and A" i-» Y 
means that both of X —> Y and A" =>■ Y hold. 

For a vertex set S C V(D), we denote by N + (S ) the set of vertices in 
V(D) dominated by the vertices of 5; i.e. N + (S ) = {u G V(D) : vu G 
A(D) for some v G S}. Similarly, N~(S) denotes the set of vertices of V(D) 
dominating vertices of S'; i.e. N~(S) = {uG V(D) : uv G A(D) for some v G 
S}. If S' = {u} is a single vertex, the cardinality of N + (v ) (resp. N~(v)), 
denoted by cl + (v) (resp. d~(v)) is called the out-degree (resp. in-degree ) of v 
in D. The degree of v is d(v) = d + (v) + d~(v). 

Let P = y^yi.. .yk be a path or a cycle of D. For i 7 ^ y h yj g V(P) 
we denote by Pfji, y 3 \ the subpath of P from y t to y 3 . If 0 < i < k then 
the predecessor of X{ on P is the vertex i and is also denoted by xj. If 
0 < i < k, then the successor of x* on P is the vertex x i+i and is also denoted 
by xf. A digraph D is said to be strongly connected or just strong, if for 
every pair x,y of vertices of D , there is an (x, yj-path. 

Let C be a cycle in D. An (x, r/)-path P is a C-bypass if |V(P)| > 3, 
x f- y and V(P) fl V(C) = {x,y}. The length of the path C[x,y] is the gap 
of P with respect to C. A cycle factor in D is a collection of vertex-disjoint 
cycles Ci, C 2 ,..., C t such that W(C'i) U V{C 2 ) U ... U V(C t ) = V(D). 

A digraph D is bipartite when V (. D ) is a disjoint union of independent 
sets V\ and V 2 . It is called balanced if Vj | = |V 2 1- A matching from Vi to V 2 
is an independent set of arcs with origin in V\ and terminus in V 2 (uiu 2 and 
V 1 V 2 are independent arcs when u\ 7 ^ V\ and u 2 7 ^ v 2 ). If D is balanced, one 
says that such a matching is perfect if it consists of precisely |VjJ arcs. A 
digraph D is semicomplete bipartite, if the vertices of D can be partitioned 
into two partite sets such that every partite set is an independent set and for 
every pair x, y of vertices from distinct partite sets, xy or yx (or both) is in 
D. 

3. The main result 

Theorem 3.1. [i, \sj A semicomplete bipartite digraph D is hamiltonian if 
and only if it is strong and contains a cycle factor. 
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Lemma 3.2. Let D be a strong balanced bipartite digraph with partite sets 
V\ and V 2 of cardinalities a where a > 2 . Suppose that, for every dominating 
pair of vertices {x, y}, either dfx) > 2a — 2 and dfy) > a + 1 or dfx) > a + 1 
and dfy) > 2a — 2 and suppose that D is not isomorphic to the digraph H 2 . 
Then D contains a perfect matching from V\ to V 2 and a perfect matching 
from V 2 to Vi. Moreover, D contains a cycle factor. 

Proof. In order to prove that D contains a perfect matching from V\ to V 2 
and a prefect matching from V 2 to V \, by the Konig-Hall theorem, it suffices 
to show that |iV + (,S')| > l^l for every S C Vi and |iV + (T)| > \T\ for every 
T C V 2 . 

For a proof by contradiction, suppose that a non-empty set S C V is such 
that \N+(S)\ < |S|. Then V 2 \ N+(S) ± 0. If |S| = 1, write 5 = {x}, then 
|iV + (S')| < \S\ implies that d + (x) = 0. It is impossible in a strong digraph. If 
|S'| = a, then, for any w G V 2 \ N + (S), the vertex w is not dominated by any 
vertex of D contradicting the fact that D is strong. Thus, 2 < |S| < a — 1, 
which implies a > 3 and 2a — 2 > a + 1 as well. Then |iV + (S)| < |S| implies 
that there exist xi,x 2 G S and y G N + (S) such that {x±,x 2 } —> y. Thus, 
{x\,x 2 } is a dominating pair of vertices. By the hypothesis of this lemma, 
we assume, without loss of generality, that dfx i) > 2 a —2 and d(x 2 ) > a + 1. 
By 

|W + (S)|<|S|<a-l, (3.1) 

one gets |iV + (S)| < a — 2. Now we show that |A^ + (S)| = a — 2 and further 
a = 3. To prove |iV + (S)| = a — 2, it suffices to show that |iV + (S)| > a — 2. 
Indeed, since there is no arc from S to V 2 \ N + (S), for any w G V 2 \ N + (S ) 
and x G S, dfw ) <2 a — |,S| and dfx) <2 a — (a — |iV + (-S') |). Thus, 

2a - 2 < d(x i) < 2a - (a - |7V+(S')|) = a + |iV + (5)|, (3.2) 

that is, |iV + (S')| > a — 2 and so |iV + (-S')| = a — 2, write V 2 \N + (S) = {wi,w 2 }. 
It also follows that there must be equalities in all the estimates that led to 
(3.2). In other words, dfx i) = 2a — 2 and furthermore X\ —> N + (S) —>■ X\ 
and {wi,w 2 } (->■ x\. This, in turn, implies that {wi,w 2 } is a dominating 
pair of vertices. By the hypothesis of this lemma, we assume, without loss 
of generality, that 


dfwi) > 2a — 2 and dfw 2 ) > a + 1. 


(3.3) 
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By (3.1) and |1V + (S')| = a — 2, we can obtain that (S) = a — 1. So, for any 
w G V 2 \ N + (S ) and x G S, 

d(w ) < a + 1 and d(x) < 2a — 2. (3.4) 

According to (3.3) and (3.4), we have that 2 a — 2 < d(wi) < a + 1. So 
a = 3. To convenience, write V\ \ S = {x 3 }. By d(x 2 ) > a + 1 = 4, (3.3) 
and (3.4), we get that d(x 2 ) = d[wi) = d{w 2 ) =4. So y —* {xi,x 2 } —* y, 
^3 —>• {wi,w 2 } —> X 3 and {wi,w 2 } t->- {xi,x 2 }. Since D is strong, y —> X 3 . 
Note that D is isomorphic to the digraph H 2 , contrary to our assumption. 

This completes the proof of existence of a perfect matching from V\ to 
V 2 . The proof for a perfect matching in the opposite direction is analogous. 
Observe that D contains a cycle factor if and only if there exist both a 
perfect matching from V± to V 2 and a perfect matching from V 2 to V±. Hence 
D contains a cycle factor. □ 

Lemma 3.3. Let D be a strong bipartite digraph with partite sets V± and 
V 2 . Let C = xoyoXiyi... Xm-ii/m-iXo be a longest cycle in D, and let uv 
be an arc in D\ V[C), where u and Xi belong to the same partite set for 
i G {0,1,..., m — 1}. Then for every pair of vertices yt, ay+i from V ( C ) at 
most one of the arcs yiU andvx i+ 1 belongs to A(D). Furthermore, dy, c Ju) + 
dy {c) (v) < m. 

Proof. If there exist yi,Xi + 1 G V(C) such that yiu and v —> x;+ 1 , then C 
and the arc uv can be merged into a longer cycle than C by deleting the arc 
yiX i+ 1 and adding the arcs y^u and vx i+ i. This would contradict the fact that 
C is a longest cycle in D, so at most one of the arcs ypx and vx i+ i belongs 
to A(D). There is precisely m of such pairs. By accounting for the arcs yiU 
and vxi+i, we get the required estimate dy, c ^(u) + d^(C)(u) < m. □ 

Lemma 3.4. Let D be a strong balanced bipartite digraph with partite sets 
V\ and V 2 of cardinalities a where a > 3. Suppose that, for every dominating 
pair of vertices {x, y}, either d{x) > 2 a — 2 and d(y) > a + 1 or d(x) > a + 1 
and d(y) > 2a — 2. Then D contains a cycle of length at least 4. 

Proof. If D is isomorphic to the digraph H 2 , then obviously D contains a 
cycle of length 4. If not, then suppose, on the contrary, that D contains no 
cycle of length more than or equal to 4. So D is non-hamiltonian as a > 3. 
By Lemma 13.21 1) contains a cycle factor. Let Cf, C 2 , ..., Ct be a minimal 
cycle factor. Then the length of every Ci is 2 and t = a. Write Ci = x l y l Xi, 
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where x, L G V\ and 2/« G V 2 for i = 1, 2,..., a. By Lemma 13.31 dv{Cj)( x i ) + 
dv(Cj){yi) < 2, for every i G {1, 2,..., a} and j G {1, 2,..., a} \ {i}. Thus 
d(xi) + d(y,:) < 2(a — 1) + 4 = 2a + 2. 

If there exists a vertex z/j G V 2 \ {2/i} such that between Xi and yj form 
a 2-cycle. Without loss of generality, assume that i = 1 and j = 2. Note 
that {xi,x 2 } and { 2 / 1 , y 2 } are both dominating pairs of vertices. Thus, by 
assumption 


2(3a - 1) < d(x 1 ) + d{x 2 ) + d(y 1 ) + d(y 2 ) 

= d(x 1 ) + d(yi) + d{x 2 ) + d(y 2 ) 

< 2 ( 2 a + 2 ), 

which implies that a < 3. By the hypothesis of this lemma, a > 3 and so 
a = 3. Further, there must be equalities in all the estimates, i.e. d{xf) = 
dfyf) = 4, for i = 1,2. By Lemma 13.31 x 2 and y\ are not adjacent, so 
2 /i —> x 3 —> V\ and 2/3 —» x 2 —> 1 / 3 . However, xiyix^yzx 2 y 2 xi is a hamiltonian 
cycle, a contradiction. 

Now assume that there exist no such vertices. Combining this with 
Lemma 1X51 for any two distinct cycles C t and Cj, we have that Cj =>■ Cj or 
Cj => C t . Since D is strong, t > 3. Without loss of generality, assume that 
C 3 =>• Ci and C\ =$■ C 2 and further assume that x\ —> y 2 . Note {xi,x 2 } is a 
dominating pair of vertices. By the hypothesis of this lemma, d(x 1 ) > 2a —2, 
d{x 2 ) > a + 1 or d{x 2 ) > 2a — 2, > a + 1. Observe that for every 

j G {1,2,..., t}, d(xi) < a + 1 and d(yi) < a + 1. Thus, 2a — 2 < a + 1, i.e. 
a < 3 and so a = 3. From this, it is not difficult to get that for any domi¬ 
nating pair vertices {n,u}, d{u) = d(y) = 4. So, d(x 1 ) = d(x 2 ) = 4, which 
implies that 2/3 —>■ x±. This, in turn, implies that { 221 , 2 / 3 } is a dominating 
pair. Thus, d(yi) = d(y 3 ) = 4 and further y x —> x 2 and x 3 —> 2 / 1 - Since D is 
strong, it must be x 2 —> y 3 . However y 3 x 3 yix 3 y 2 x 2 y 3 is a hamiltonian cycle, 
a contradiction. □ 

The proof of Theorem 11.71 

Proof. Let Vj and V 2 denote the partite sets of D. By assumption of this 
theorem, a dominating pair {x,y} means d(x) > 2 a — 2, d(y) > a + 1, or 
d(y) > 2a — 2, d(x) > a + 1. We will implicity use this in the remainder of 
the paper. Suppose a = 2. Denote V± = {xi,x 2 } and V 2 = {2/1,2/2}- Since 
D is strong, the in-degree of every vertex is at least one. If the in-degree of 
every vertex is one in D, then clearly D contains a hamiltonian cycle. Now 
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assume that there exists z G V ( D) such that d~(z) > 2, it is to say that there 
exist dominating pair of vertices in D. Without loss of generality, assume 
that {xi,x 2 } is a dominating pair and furthermore d(x i) > 2a — 2 = 2 and 
d{x 2 ) > a + 1 = 3. This means that X 2 and every vertex of V 2 are adjacent. 
If X\ and every vertex of V 2 are adjacent, then D is a semicomplete bipartite 
digraph. Using Theorem 13.11 and Lemma HOI D is hamiltonian. If x \ and one 
of yi and y 2 , say y 2 , are not adjacent, then by d(x 1 ) > 2, we have that y\X\y\ 
is a 2-cycle. Since D is strong, we can deduce that x 2 —> {y 1 , 2 / 2 } —> x 2 - Note 
that D is isomorphic to the digraph H\. 

Now suppose that a > 3. In this case, 2a — 2 > a + 1 and equality holds 
only if a = 3. Suppose that D is non-hamiltonian. Let C = x^y^Xiyi... 
Xm-iUm-iXQ be a longest cycle in D , where Xi G V\ and yi G U 2 for i G 
{0,1,..., m— 1}. Lemma l3~4l implies that m > 2. From now on, all subscripts 
appearing in this proof are taken modulo m. 

We first show that D contains a C-bypass. Assume D does not have one. 
Since D is strong, it must contain a cycle Z such that | V(Z) D V(C) \ = 1. 
Without loss of generality, assume that V(Z) fl V(C) = {a;o}- Let 0 be 
the predecessor of x 0 on Z. Since {z, y m -i} is a dominating pair of ver¬ 
tices, we have d(z) > 2a — 2 and d(y m - 1 ) > a + 1 or d(z) > a + 1 and 
d(y m - 1 ) > 2a — 2. Since D contains no C-bypass, we have dv(c)\{x 0 }i z ) — 0 
and d V (z)\{xo}(y m -i) = 0. Note that |({ar, y m -i}, x) U (x,{z,y m - 1 })| < 2 for 
every x G Vi \ (U(C) U V(Z)). Denote \Vi fl (V(Z) \ {x 0 })| = p. Hence 
d(z) + d(y m - 1 ) < 2(a — p — m) + 2p + 2 + 2 m = 2a + 2. This follows 
3a — 1 < d(y m -i) + d(z) < 2a + 2. Using this inequalities with a > 3, we ob¬ 
tain that a = 3. In addition, the above inequalities become equalities, which 
implies that d(z) = 4. Clearly, m = 2, write Vj D (V(D) \ V(C )) = {x}. 
By dv(c)\{x 0 }(z ) = 0 and d(z) = 4, we have zxz is a 2-cycle. Since D 
contains no C-bypass, we have dv(c ){ x ) = 0, that is d{x) = 2. However, 
{x, a’o} —> z implies that {x,Xo} is a dominating pair of vertices. By as¬ 
sumption, d(x) > a + 1 = 4, a contradiction. Therefore, D contains a 
C-bypass. 

Let P = UiU 2 .. .u s be a C-bypass (s > 3). Suppose also that the gap 
of P is minimum among the gaps of all C-bypass. Denote C = C\u+,u~\, 
where ix[ is the successor of U\ on C and u~ is the predecessor of u s on C. 
Since C is a longest cycle of D, we have that |V(C')| > s — 2. Because D 
is a bipartite digraph, when s is odd, u 1 and u s belong to the same partite 
set; when s is even, u\ and u s belong to distinct partite sets. Denote R = 
V ( D)\(y (C)UU (P)). Noting that {u s _i, u~} is a dominating pair of vertices, 




by assumption, 

d(u s -i) > 2 a — 2, d,(u~) > a + 1 or d(u s -i) > a + 1, d(u~) > 2 a — 2. (3.5) 

The following two claims will be very useful in the remaining proof. 

Claim 1. For any x E R, |({u s _i,u“},a:) U (x, {« s _i,«7})| <2. 

Proof. Clearly, u s _i and uf belong to the same partite set. It suffices to 
prove the case when x and u s -1 belong to distinct partite sets. If u s -1 —* x, 
then x u~, for otherwise P[ui,u s -i]xuJ is also a C-bypass, which gap is 
strictly less than P, a contradiction. If x —> u s - 1 , then u~ x, for otherwise 
u~xu s _iC[u s , uj] is a longer cycle than C, a contradiction. Hence the claim 
holds. □ 

Claim 2. Every vertex on C is not adjacent to any vertex on P[u 2 ,u s _ i]. 

Proof. Since P has the minimum gap, the claim is obvious. □ 

Now we divide the proof into two cases to consider. 

Case 1. \V(C')\ > 2. 

To complete the proof, we will first give the following useful observation. 
Observation 1. For any x E V(D) \ H(C), d V (c){%) < 

Proof. Assume, without loss of generality, that x EV\. Let df^(x) = t and 
denote Ny, c Ax ) = {y tl , y l2 : t ... ,yi t }. According to \V(C')\ > 2 and the fact 
that P has the minimum gap, x y ij+ \ for every j E {1,2,..., t}. Hence, 
dv(C)(x ) = d~ {C) (x) + d+ {c) (x) <t + (m-t) = m. □ 

We may assume, without loss of generality, that d{u~) > 2a — 2 and 
d{u s - 1 ) > a + 1. In fact, let x E V(D) \ V(C) be any. By Observation 
1, dv(c){x) < m. So d(x) < m + 2(a — m) = 2 a — m. If m > 3, then 
d{x) < 2a —3, in particular, d{u s - 1 ) < 2a —3. Combining this with (3.5), we 
have that d{u~) > 2a — 2 and d(« s _i) > a + 1. If m = 2, then |H(C")| > 2 
implies that |H(C")| = s — 2 = 2. By symmetry, we may assume, without 
loss of generality, that d[uf) > 2a — 2 and d(u s _i) > a + 1. 

If s > 6, then, by Claim 2, dfu~) < 2 a — 4, a contradiction to dfu~) > 
2 a — 2. So, we assume from now on that s < 5. If s > 4, then, by Claim 2, 
we have that dfuf) < 2a — 2 and so d{uf) = 2 a — 2. 
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Suppose s — 5. In this case, U\ and u s belong to the same partite set. 
Now, without loss of generality, assume that U\ = x 0 and u s = x r . Clearly, 
R D V\ ^ 0. By \V(C')\ > s — 2, we have that r > 2. By the above 
argument, d(y r -i) = 2a — 2 and y r -\ and every vertex of V\ \ {^ 3 } form a 
2-cycle, in particular, for any x G R fl Vi, x and y r -\ form a 2-cycle. By 
Claim 1, u 4 and x are not adjacent. Combining this with Observation 1, 
we have d(x) < m + 2 (a — m — 1) = 2a — m — 2 < 2a — 4. Note that 
{x r -i,x} —> y r - 1 , i.e. {x,x r -{\ is a dominating pair. Using Claim 2, we 
can obtain that d(x r -\) < 2a — 4, contradicting the fact that {x,x r - 1 } is a 
dominating pair. 

Suppose s = 4. In this case, |D(C")| is even and Ui and u s belong to 
distinct partite sets. Now assume, without loss of generality, that U\ = x 0 
and u s = y r . Obviously, r > 1. By the above argument, d(x r ) = 2a — 2 and 
x r and every vertex of V 2 \ {^ 2 } form a 2-cycle. By Claim 1, u 3 and every 
vertex of R O V 2 are not adjacent. This together with Observation 1 implies 
that d(u 3 ) < m + 2. Combining this with d(u 3 ) > a + 1, we have a = m + 1. 
Thus, R = 0 and dv(c)(%) = 

Assume that r = 1. Note that {y 0 , y{\ is a dominating pair. Since 2a—2 > 
a + 1, by assumption, d(y 0 ) > a + 1. For any i G {2,..., m — 1}, if Xi —> yo, 
then XiyoXiC[yi + i,xo]u 2 U 3 C[yi,Xi] is a hamiltonian cycle, a contradiction; 
if i/o —> Xi, then y i _ 1 xiy 0 C[xi,x 0 ]u 2 U 3 C[yi,y i _i\ is a hamiltonian cycle, a 
contradiction. Thus y 0 and x^ are not adjacent. Furthermore, y 0 Xq, for 
else U 2 U 3 C[yi,y m -i\xiy 0 x 0 U 2 is a hamiltonian cycle, a contradiction. From 
this we have that d(yo) < 3. However, a + 1 < d(yo) < 3 implies that a <2, 
a contradiction. 

Assume that r > 2, i.e. |U(C')| > 4. Denote dy, c Au 3 ) = t. If t — 0, 
then, by Claim 2, dv(c){u 3 ) < m — 2, a contradiction to dv(c){u 3 ) = m. Next 
assume t > 1. Since P has the minimum gap with respect to C, if yi —>• u 3 , 
then u 3 y l+x and u 3 y i+2 . Hence d V ( C ){u 3 ) = d~ [C) {u 3 ) + d+ (C) (ti 3 ) < 
t + (m — 2 t) — m — t < m — 1 , a contradiction. 

Suppose s = 3. In this case, u\ and u s belong to the same partite set. Now 
assume that u\ = x 3 and u s = x r . Clearly, R fl Di ^ 0. Since |U(C")| > 2, 
we have r > 2, which means that m > 3. Let x G V(D) \ V(C ) be any. By 
Observation 1, dy(c)( x ) A rn. So d(a;) < m+2(a— m) = 2a—m < 2a— 3. This 
means that any pair of vertices in V ( D) \ V ( C ) cannot form a dominating 
pair. Hence dy^ D ^ v ^(x) < 1 and so d(x) < m + a — m + 1 = a + 1, which, 
in turn, implies that if x and some vertex of V ( D) form a dominating pair, 
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then d(x) = a + 1 and further d V ( D )\v(C)^ x ) = 1 an d ^v(D)\v(C)( x ) = a ~ m - 
So d(u 2 ) — a + 1. Furthermore, d^(u 2 ) = 1 and d^(u 2 ) = a — m. So there 
exists x' G An Vj such that u 2 and x' form a 2-cycle. Then {x',Xq} —* u 2 
implies that {x', x 0 } is a dominating pair. So d(x') = a + 1. Now we show 
that dv(c)(u 2 ) + dv(c)(x') < 2 (m — 1). In fact, since C is a longest cycle 
and P has the minimum gap with respect to C, we can obtain that, for 
any Xi G N~{u 2 ) D V(C), x 1 y t and x 1 y i+ Denote dy, c Ju 2 ) = t. 
Clearly, t > 1. Then, dy, c ^{u 2 ) + dy^ c Ax') < t + (m — 2t) — m — t < 
m — 1. Similarly, for any Xi G N + (u 2 ) D V(C), y t - 2 x' and i 
x 1 . Hence dy, c Ju 2 ) + dy, c ^{x') < m — 1. Add these two inequalities, we 
obtain dv(c)( u 2 ) +dv(c)( x ') A 2(m —1), which implies the desired inequality. 
However, 2 (a + 1) = d(u 2 ) + d(x') < 2(m — 1) + 2(a — m + 1) = 2a is a 
contradiction. 

Case 2. \V{C')\ = 1. 

In this case, s = 3 and u\ and u s belong to the same partite set. Assume 
that U\ = xo and u s — x\. By symmetry and (3.5), without loss of generality, 
assume that d(u 2 ) > 2a — 2 and d(y 0 ) > a + 1. Clearly, R D V\ ^ 0. 

Subcase 2.1. There exists u G R D V\ such that u 2 and u are not adjacent. 

First d(u 2 ) > 2a — 2 and the hypothesis of the subcase imply d[u 2 ) = 
2 a — 2. Moreover, u 2 and every vertex of V\ \ {«} form a 2-cycle, which 
implies that every pair of vertices of V\ \ {w} form a dominating pair. Thus, 
the degree of every vertex in Vj \ {u} is greater or equal to a + 1. 

If a = 3, then 2a — 2 = a + l = 4. Because D is strong, there exists 
yi G V(C) D V 2 such that u —> yi. Then {xi,u} —> yi means that {xi,u} is a 
dominating pair and so d{u) > a + 1 = 4. Since u 2 and u are not adjacent, 
we obtain that {yo,yi} -)•«-)• {yo,yi}. If yo ->■ ^ 0 , then yoxo^x^iuyo 
is a hamiltonian cycle, a contradiction. Hence xq i —> yo- Similarly, we can 
obtain that yo K > Xi, x\ (->• y x and y\ (->• xo- Note that D is isomorphic to 
the digraph H 3 . 

Now assume a > 4. Suppose |i?nVj | = 1. We hrst show that d{u) < m+ 1. 
Indeed, if there exist yi,yi +1 G V(C) such that r/* —> u and u —> yt+i, then 
< 2a — 3. For j G {0,1,..., m — 1} \ {i + 1}, Xi + 1 yj otherwise, 

Xi + iC[yj,yi\uC[y i+ i, Xj]u 2 x i+ i is a hamiltonian cycle, a contradiction. In 
addition, y i+ i -t* x i+ \, for else y i+ iX i+ iU 2 C[x i+2 , yi\uy i+ i is a hamiltonian 
cycle, a contradiction. Hence d(xi + 1 ) <2 a — m < 2m — 3. Therefore, there 
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exists at most one pair of {y^y i+ i\ such that y^ —> u —> y i+ i, which implies 
dv{C)( u ) <772+1. Because D is strong, there exists yi E V{C ) D Vj such 
that u -+ 7 /j. Then {xi,u} —> yi means that {xi,u} is a dominating pair and 
so d{u) > a + 1 as 2 a — 2 > a + 1 , contrary to d[u) < m + 1 . 

Suppose |.R fl Vj| >2. First we claim that a = 2 m + 1 and the degree of 
every vertex of (R fl Vj) \ {n} is equal to a + 1. In fact, let x G (R fl Vi) \ {«} 
be any. Similar to Claim 1, we can deduce that y t and x are not adjacent, 
for every yi G V(C) fl Vj. Recalling that d(x) > a + 1, we have a + 1 < 
d(x) < 2(a — 772), i.e. a > 2 m + 1. Recalling that d(yo) > a + 1, we have 
a + 1 < d(yo) < 2m + 2, i.e. a < 2m + 1. From these, we get that a = 2m + 1 
and equality hold everywhere. So d(x) = a + 1. Then a = 2m + 1 implies 
that a is odd and further |i?, fl Vj | > 3. This is a contradiction to the fact 
that every pair of vertices of (R fl Vj) \ {«} form a dominating pair and the 
degree of every vertex in (R fl Vj) \ {n} is equal to a + 1. 

Subcase 2.2. u 2 and every vertex of R ft Vj are adjacent. 

Next we divide the subcase into three subcases. 

Subcase 2.2.1. There exists a vertex u E R fl Vj such that u 2 and u form 
a 2 -cycle. 

Then {u,x 0 } —» u 2 implies that 

d(x o) > 2a — 2, d(u) > a + 1 or d(u) > 2a — 2, d(x 0 ) > a + 1. (3.6) 

Assume a = 3. Consider the cycle u 2 xiy\Xou 2 and note that t/o and u are 
not adjacent. Similar to Subcase 2.1, we can obtain that D is isomorphic to 
the digraph H 3 . Now assume that a > 4. 

If d(u) > 2a —2, then, by Lemma 1X31 4a —4 < d{u 2 ) + d{u) < 2m + 4(a — 
m) =4a — 2m < 4a — 4. Hence, equalities hold everywhere, in particular, 
m = 2 and dii(u 2 ) = 2(a — m). I 11 other words, u 2 and every vertex of RflVj 
form a 2-cycle. By Claim 1, yo and every vertex of R fl Vj are not adjacent. 
Hence d(yo) < 4. This together with d(yo) > a + 1 implies that a < 3, a 
contradiction. Hence, we assume that d{u) < 2a —2. In fact, we may assume 
that for any x E R fl Vj, if x and u 2 form a 2-cycle, then d{x) <2a — 2. This 
also implies that u is the unique vertex in R fl Vj which forms a 2-cycle with 
u 2 . Using Lemma [3731 3a — 1 < d(u 2 ) + d{u) < 2m + 4(a — m) = 4a — 2m, 
i.e. 2m < a + 1. 

If 2m = a + 1, then equalities hold everywhere. It follows that d^{u 2 ) = 
2(a — m). In other words, u 2 and every vertex of RflVj form a 2-cycle. Hence 
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\R fl Vj| = 1. However, 3a — 1 < d(u) + d(u 2 ) < 2 m + 4 implies that a < 3, 
a contradiction. 

If 2 m < a + 1, then d(y 0 ) > a + 1 implies that yo must be adjacent to 
some vertex of .RflVj. Since yo and u are not adjacent, we have |i?nVj| > 2. 
Since d{u 2 ) >2a — 2, we have that \R fl Vj | <3. 

Suppose |fl Vj | =3, i.e. a = m + 3 > 5. Write .RflVj = {u,wi,w 2 } and 
R fl V 2 = {u 2 ,vi,v 2 }. By the above argument, we can conclude that u 2 and 
every vertex of V(C ) fl Vj form a 2-cycle. Similar to Claim 1, we can obtain 
that u are not adjacent to every y l G V(C). Thus, d{u) < 6. This together 
with d(u) > a + 1 implies that a < 5 and so a = 5 and d[u) = a + 1 = 6. 
Hence, u and every vertex of R fl V 2 form a 2-cyclc. In addition, according 
to d(y 0 ) > a + 1 = 6 and Claim 1, either{« 2 , Vo} w± or w\ (->• {u 2 , yo] and 
yo —> {xo,a;i} —> yo■ Without loss of generality, assume that {u 2 ,yo} •—> w\. 
Since D is strong, there exists a vertex in V 2 \ {u 2l yo} dominated by w\. If 
W\ —>• 2 / 1 , then wiy\Xou 2 xiyoWi is a longer cycle than C, a contradiction. If 
w i dominates one of {vi,v 2 }, say Vi, then wiviuu 2 xiy 0 wi is a longer cycle 
than C, a contradiction. 

Suppose \R fl Vj| = 2, i.e. a = m + 2. Write R fl Vj = {u,Wi} and 
R fl V 2 = {u 2 , v\}. Note that a + 1 < d{y 0 ) < 2 m + 1, which together with 
2 m < a + 1 implies that a = 2m and d(yo) = 2m + 1. Using this with 
a = m + 2, we have that m = 2. By Claim 1, either {u 2 ,y 0 } (->• w\ or 
Wi i —y {u 2 ,y 0 }. Without loss of generality, assume that {u 2 ,y 0 } i-> w\. In 
addition, y 0 {x 0 ,a;i} —> y 0 . Since D is strong, there exists a vertex in 
V 2 \ { 2 / 0 , ^ 2 } dominated by w\. If w 1 —> y 1 , then w\yiXou 2 xiyoW\ is a longer 
cycle than C, a contradiction. If w\ —> v±, then since D is strong, there exists 
a vertex in {xo,a:i ,u} dominated by v\. It is not difficult to check that D 
would contain a longer cycle than C, a contradiction. 

Subcase 2.2.2. R fl Vj (->• u 2 . 

By d(u 2 ) > 2a — 2, we have |R fl Vj| < 2. Suppose |R fl Vj| = 2, say 
R fl Vj = {x,w}. In this case, d{u 2 ) = 2a — 2 and u 2 and every vertex of 
V(C) fl Vj form a 2-cycle and {w,x} (->• u 2 , which implies that {x,w} is a 
dominating pair. Since C ia a longest cycle, we have (V (C) fl Vj, {x , w}) = 0. 
Hence d(w) < m + 3 — a — 2 + 3 = a + l and d(x) < a + 1, a contradiction 
to the fact that {x,w} is a dominating pair. 

Suppose |R fl Vj| = 1, say R fl Vj = {x}. Observe that for any yi G 
V(C) fl Vj, if yi — > x, then u 2 ^ x i+i . Clearly, y 0 x. Since D is strong, 
there exists yi G V(C) 0 Vj such that y i: —> x. Assume, without loss of 
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generality, that iji —> x. The above observation implies w 2 x 2 . This 
together with x n- w 2 implies that d(u 2 ) = 2a — 2 and w 2 and every vertex of 
U 2 \ {x,x 2 } form a 2-cycle and £ 2 1 —> u 2 . Continuing using the observation, 
we have that x/i -&■ x. for every j ^ 1, that is to say, d~{x) = 1. Thus, 
a +1 < d(x) < 1 + (m + 1) = a +1. Note that, for any Xi G V(C) fl Vi, { Xi , x} 
is a dominating pair and so dixf) > 2a — 2, in particular, d(x 2 ) >2a — 2. 

Suppose a > 4. Denote Q = y±xu 2 C[x 3 ,yi\. It is clear that Q is a cycle 
of length 2m. By { 2 / 2 , ^ 2 } —* £ 3 , we have that { 2 / 2 , ^ 2 } is a dominating pair, 
which implies that d(y 2 ) > a + 1. If y 2 —* £ 2 , then, by Lemma [3731 3a — 1 < 
d(x 2 ) + d(r/ 2 ) = 4 + d V (Q)(x 2 ) + d V (Q){y 2 ) < 2m + 4 = 2a + 2 implies that 
a < 3, a contradiction. Hence r / 2 x 2 . This together with d(a: 2 ) > 2a—2 and 

x 2 (->• m 2 imply that d(x 2 ) = 2a — 2 and x 2 and every vertex of V 2 \ {m 2 , r/ 2 } 
form a 2-cycle. For any x* G (Vi fl V’(C')) \ {^,£ 3 }, y 2 Xi, for else 
r/ 2 C[£j, ?/i]£n 2 C[£ 3 , |/j_i]£ 2 y 2 is a hamiltonian cycle, a contradiction. Thus, 
^( 2 / 2 ) < 2+m = a+l. Earlier, we showed that d(y 2 ) > a+1. So d(y 2 ) = a+1. 
Moreover d + (y 2 ) = 1 and d~(y 2 ) = a. However, yixu 2 XiC[y 2l yo]x 2 yi is a 
hamiltonian cycle, a contradiction. 

Now assume that a = 3. In this case, 2a — 2 = a + l = 4. By the 
above argument, we have obtained that {xo,^} H» u 2 , x (-»• y 0 , x —> y\ —> x, 
u 2 —> £1 —> u 2 , d(yo) > 4 and d(x 0 ) > 4. If y 0 —> £ 0 , then yoXou 2 xiyixyo 
is a hamiltonian cycle, a contradiction. Thus, £0 y 0 . This together with 
d{x 0 ) > 4 and d(|/o) > 4 imply that £ 0 —* 2/1 an d 2/o- Note that D is 
isomorphic to the digraph H 2 . 

Subcase 2.2.3. u 2 R n V\. 

Since the proof is similar to Subcase 2.2.2, we omit them. This completes 
the proof of the theorem. □ 

The proof of Theorem 11.61 

Proof. Using Theorem 11.71 it suffices to consider that D is isomorphic to one 
of the digraphs H \, H 2 and H 3 . Now we consider the three cases. Suppose 
that D is isomorphic to the digraph Hi. Then {£i,x 2 } —>■ 2/2 implies that 
{£i,£ 2 } is a dominating pair. Since a = 2, we have 2a — 1 = a + 1 = 
3. By assumption, d{x 1 ) > 3. So £1 —>■ y 2 or y 2 —> x\ , say X\ —> y 2 . 
Clearly, D is hamiltonian. Suppose that D is isomorphic to the digraph 
H 2 . Then {xi,x 2 } —> 2/1 implies that {£i,£ 2 } is a dominating pair. By 
assumption, without loss of generality, assume that d(x 1 ) > 2a — 1 = 5 and 
d{x 2 ) > a + 1 = 4. So £1 must dominate one of {y 2 , y 3 }, say y 2 . Note that 
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X\y 2 x 2 yiX 3 y 3 Xi is a hamiltonian cycle. Suppose that D is isomorphic to the 
digraph H 3 . Then {x\,x 3 } —> y 2 implies that {xi,x 3 } is a dominating pair. 
By assumption, without loss of generality, assume that d(x i) > 2a — 1 = 5 
and dfx 3 ) > a+1 = 4. So y 2 x\ G A(D) or x\y\ G A(D). If y 2 x\ G A(D), then 
y 2 X\y 3 x 2 y\X 3 y 2 is a hamiltonian cycle; if xpyi G A(D), then x\y\;x 3 y 2 x 2 y 3 x\ 
is a hamiltonian cycle. □ 

It is natural to propose the following problem. 

Problem 3.5. Consider a strong balanced bipartite digraph on 2a vertices 
where a > 4. Suppose that D satisfies the condition B k with 2 < k < a/2. Is 
D hamiltonian? 

4. Remark 

If D is a strong balanced bipartite digraph on 2 a vertices such that d(x) + 
dfy) > 3a for every pair of dominating and every pair of dominated vertices 
{x,y}, then the following theorem shows that D contains a cycle factor. 
However D may contain no hamiltonian cycle, see the digraph Hi. Here 
a = 2. Note that {rri,^} and {yi,y 2 } are both dominating and dominated 
pairs, where dfx i) + d{x 2 ) = 3 a and d{yi) + d(y 2 ) = 3 a. Clearly, D has no 
hamiltonian cycle. 

Proposition 4.1. Let D be a strong balanced bipartite digraph on 2a vertices. 
Suppose that d{x) +d{y ) > 3a for every pair of dominating and every pair of 
dominated vertices {x,y}. Then D contains a cycle factor. 

Proof. Let V\ and V 2 denote the partite sets of D. Observe that D contains 
a cycle factor if and only if there exist both a perfect matching from V\ to 
V 2 and a perfect matching from V 2 to V\. Therefore, by Konig-Hall theorem, 
it suffices to show that |A r+ (S')| > \S\ for every S C 14 and |IV + (T)| > \T\ 
for every T C V 2 . 

For a proof by contradiction, suppose that a non-empty set S' C Vi is such 
that |IV + (S')| < | S\. Then V 2 \ N + (S) 0 and for every y G V 2 \ N + (S), we 

have d~(y) < a — (S'!, hence 


d(y)<2a-\S\. (4.1) 

If \S\ = 1, say S = {x}, then |At + (S')| = 0, which means d + (x) = 0, a 
contradiction to the fact that D is strong. If (S'! = a, then d~(y) = 0 for 
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every y E V 2 \ N + (S), a contradiction to the fact that D is strong. Thus 
2 < | S'| < a — 1. We now consider the following two cases. 

Case 1. | < | S| < a — 1. 

In this case, |V 2 \ iV + (S)| > 2 and \V\ \ S| < |V 2 \ iV + (S)|. Since D is 
strong, for every y E V 2 \ N + (S), d~(y ) > 1 . This together with |Vi \ S\ < 
\V 2 \ N+(S)\ implies that there exist yi,y 2 G V 2 \ N + (S ) such that {2/1,2/2} 
is a dominated pair. By assumption, d{y\) + d{y 2 ) > 3a. But, by (4.1), 
d(?/i) + d{y 2 ) < 2(2a — |S|) = 4a — 2|S| < 3a, a contradiction. 

Case 2. 2 < |S| < f. 

If this is so, then, for every x G S, we have 

rf(x) = d _ (a;) + d + (a:) < a + (|S| — 1) < —— 1. (4.2) 

Since D is strong, for every x G S, d + (x ) > 1. This together with |IV + (S)| < 
|S| implies that there exist xi, x 2 E S such that (xi, X 2 } is a dominating pair. 
By assumption, d(xi) + d(x 2 ) > 3a. But, by (4.2),rf(xi) + d(x 2 ) < 3a — 2, a 
contradiction. 

This completes the proof of existence of a perfect matching from V\ to V 2 . 
The proof for a matching in the opposite direction is analogous. The proof 
of the theorem is complete. □ 
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